
JOURNAL OF ENGINEERING PHYSICS 357 

APPROXIMATE CALCULATION OF FREE CONVECTION HEAT TRANSFER IN 
A RECTANGULAR REGION 

B. A. Arkad'ev 

Inzhenerno-Fizicheskii Zhurnal, Vol. i0, No. 5, pp. 606--612, 

UDC 536.25 

1966 

A description is given of an approximate method of calculating heat 
flux under steady free thermal convection in a rectangular region. 
This method is based on the assignment of flux and temperature func- 
tions in the form of polynomials satisfying the boundary conditions 
for any values of the coefficients. 

The system of equations describing free thermal 

convection [i, 2], 

v + ( v v ) v = - - v p / p  +~o + ~AY, 

+ v (o~) = o, 

may be reduced, for  a s teady ax i symmet r i c  problem 
with accelera t ion  of body forces  varying over  the 
radius, to three dimensionless partial differential 

equations [3]. 
It should be noted that the first of the original 

equations is valid, in the form in which it has been 
written, only when with uniform temperature distri- 

bution the body (gravitational) forces do not give an 
appreciable pressure gradient. This restriction is 

removed if the penultimate term of the equation ex- 

amined is represented in the form g(l - /3~). 

In the case, simpler than in [3], of a plane prob- 

lem with constant acceleration of body forces, the 

original system, as may easily be seen, reduces, 

for steady motion under conditions of parametric 

linearization, to two equations, 

A ~ +  O, 0A,  0 ,  0 a ,  = G  0_it , (1) 
Ox 09 0 v Ox 09 

( 0 '  Ot O* or )  O. (2) 
A t + P "~x OV OV Ox 

The procedure ,  employed in solving l inear  equa- 
t ions, of f i r s t  finding functions which sat is fy  the equa- 
tions identically and then taking them in l inear  com-  
bination to sa t is fy  the boundary conditions, is not 
valid for  nonlinear  equations such as (1) and (2). To 
obtain an approximate  solution of the sys tem being 
examined, having ass igned a fo rm for  each of the 
unknown functions in a manner  sat isfying the boundary 
conditions, we may choose the unknown coefficients 
so as to sa t is fy  the equations of the sys t em in the best  
manner .  

Fo r  the rma l  convection in a closed region, the 
boundary conditions for  the s t r e a m  function have the 
fo rm (the f i r s t  two equations ref lec t  the absence of 
motion of the m e d i u m - - " z e r o - s l i p "  at the boundary) 

o _ ~ r  o ~ = v ~ = o ,  
Ox Oy 

and also 

~x~ l~=§ = - Ox-I~ =§ = 0, 

02~ _ OV. .I = 0 ,  

Oy ~ *=~1 OV [~=• i 

tO-e " . ~  , ,. - - ~  

t0 -3 ,.~ - -  
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Fig. i. Schematic of the calculation region 
and dependence of the scale of convective 
motion a00 on the relative width h of the re- 

gion when G = 1. 

Here the boundaries of the rectang~alar region are 

assumed to be parallel to the coordinate axes of Fig~ 

i. The stream function at the boundary may have an 

arbitrary constant value, in particular, @ = 0. 
The above boundary conditions are satisfied by 

any polynomial of the form 

= (x ~ - l ? ( v ~ - - h s )  2 ~a~nx" (3) 

The motion described by such a polynomial, for a 
sufficiently great extent of the sheet in the direction 
perpendicular to the plane xy, has the form of a cyl- 

inder. A similar form of convective motion was ex- 

amined in [41. 
Using this expression, and integrating the left and 

righ t sides of Eq. (I) with respect to y over the in- 
terval corresponding to the region examined, we ob- 

tain 

16 2a~nhn+~ { ha ~,=2k (n + 1) (n + 3) (n +'-~ [m (m - -  1)-- 

- ( m  - -  2) (rn - -  3) x ~ - ~  - -  

~ 2 ( m + 2 ) ( m + l ) m ( m - - l ) x ' ~ - ~ +  

+ ( m  + 4 )  (m + 3)(m + 2)(m + 1)x m] + 

+ 3(n § 1)x~(x 2 -  1)~1 + 
) 
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+32  Z a'""apqhn+q+"xm+z{N(n'q)l mx 1 -  
n+q=2k+[ 

- - 4 ( m +  1 ) x + 6 ( m - ' - 2 ) x  3 - 4 ( r n q - 3 )  x 5 + ( m + 4 )  x 7 ] +  

12(n --q) h2 M(m, p, x) } 
+'  (n +q)(n + q +  2)(n +q  +4)(n +q + 6 ) ( n + q  +8) ~-- 

- -  G ( t  [ v = h - - t  I v = - h )  = 0. (4) 

Here  the f i r s t  s u m m a t i o n  is c a r r i e d  out only for  
even n, and the second  only for  odd (n + q), 

M(m, p, x) = 

= r e ( m - -  1 ) [ ( p - - m - 4 -  2) x - 3 -  2 ( p - -  m + 4 ) x  -1  + 

+ ( p - - m  + 6 ) x l - - 2 ( m  + 2)(m+ 1)[(p--m)x - ~ _  

- -2 (p - -m  + 2)x + 

+ ( p -  m + 4) x 3] + (m + 4 ) ( m  + 3) [(p - -  m - -  2) x - -  

- - 2 ( p - -  m) x 3 + ( p - -  m + 2) x51, 

X(n,q) = (n + 4)(n + 3)(n + 2 )  _ 
(n + q + 6)(n +q + 4)(n + q + 2) 

2(n + 2)(n + 1)n 
-- ( n + q + 4 ) ( n + q + 2 ) ( n + q )  + 

n ( n -  1)(n--  2) 

+ in + q + 2) (n + q)(n + q - - - 2 ) - "  

In c o n f o r m i t y  with (4), the convec t ive  mot ion  is 
d e t e r m i n e d  only by the t e m p e r a t u r e  d i f f e rence  in the 
v e r t i c a l  w a l l s  (y = +h). As f a r  as  the t e m p e r a t u r e  of 
the ho r i zon ta l  w a l l s  is  conce rned ,  they have t h e i r  
own i n d i r e c t  inf luence on the convect ion:  the l a r g e r  
the d i f f e r ence  be tween the t e m p e r a t u r e s  of the h o r i -  
zonta l  wa l l s ,  the l a r g e r  the t e m p e r a t u r e  d i f f e r ence  
in i t i a l l y  in the a scend ing  and descend ing  s t r e a m s ,  
and the l a r g e r  the t e m p e r a t u r e  d i f f e rence  (o ther  con-  
d i t ions  being equal) of the c o r r e s p o n d i n g  v e r t i c a l  
wa l l s .  

If the t e m p e r a t u r e  d i f f e r ence  is iden t i ca l  o v e r  both 
v e r t i c a l  bounda r i e s  of the  r eg ion ,  and t lu=n--tjv=_ h~O, 
we m a y  conc lude ,  on the b a s i s  of (4), tha t  convec t ive  
mot ion  i s  absen t .  In the  c a s e s  of p r a c t i c a l  i n t e r e s t ,  
an a scend ing  s t r e a m  p a s s e s  a long the hea ted  wa l l ,  and 
i t s  t e m p e r a t u r e  p r o v e s  to be h ighe r  than i t  is  on the  
wal l  f r o m  which hea t  is  d rawn away.  With  a d i a b a t i c  
v e r t i c a l  w a i l s  (having p e r f e c t  t h e r m a l  insu la t ion) ,  the 
t e m p e r a t u r e  of the wal l  a long which the a scend ing  
s t r e a m  p a s s e s  wi l l  a l so  be h igher .  

B e c a u s e  i t  i s ,  in g e n e r a l ,  i m p o s s i b l e  for  any f i -  
n i te  v a l u e s  of m and n to s a t i s f y  (4) i den t i ca l ly ,  i t  is  
n e c e s s a r y ,  in o r d e r  to obta in  the m a x i m u m  a t t a i n -  
ab le  a c c u r a c y ,  to d e t e r m i n e  the coef f i c ien t s  in such 

a way that  the va lue  of the i n t e g r a l  t W-dx is  a m i n i -  

mum.  
This  condi t ion  wil l  be s a t i s f i e d  by va lue s  of amn 

which a r e  r o o t s  of the s y s t e m  of equa t ions  of the type 
l 

0 ~ A~ O. (5) 
Oamn ,, 1 

--I 

The boundary  condi t ions  with r e s p e c t  to t e m p e r a -  
tu re  a r e  d e t e r m i n e d  by the t h e r m a l  s ta te  of the wal l s ,  
fo r  example ,  t h e i r  t e m p e r a t u r e .  It is  then convenient  
to a s s ign  the t e m p e r a t u r e  d i s t r i bu t ion  in the fo rm of 
a sum of a function t o s a t i s fy ing  the boundary t e m p e r a -  
tu re  condi t ions ,  and of a po lynomia l  that  van i shes  at  
the  boundary ,  

t = t o + (x 2 - -  1 ) (U 2 - -  h 2) Zbmn x m y~. (6) 

In the mo t ion l e s s  l a y e r s  ad jacen t  to the bounda r i e s  
of the reg ion ,  the t e m p e r a t u r e  mus t  change along the 
n o r m a l  to the boundary  f a s t e r  than in the c e n t r a l  zone, 
whe re  convec t ive  mot ion  p lays  an a p p r e c i a b l e  ro l e  in 
hea t  t r a n s f e r .  T h e r e f o r e  a function d e s c r i b i n g  the 
t e m p e r a t u r e  d i s t r i bu t ion  ins ide  the reg ion  being ex-  
amined  mus t  conta in  t e r m s  at  l e a s t  of t h i r d  d e g r e e  
fo r  each  of the v a r i a b l e s .  It may  be expec ted  that  in 
the m a j o r i t y  of c a s e s  th is  d e g r e e  wi l l  be suf f ic ient  
to a p p r o x i m a t e  to the a s s i g n e d  t e m p e r a t u r e  d i s t r i b u -  
t ion at  the b o u n d a r i e s  (ten r e f e r e n c e  points) .  

In the so lu t ion  of many p r o b l e m s  we r e q u i r e  to 
d e t e r m i n e  only the hea t  flux at  the bounda r i e s  of the 
reg ion ,  whe re  the ve loc i ty  of convec t ive  mot ion  is 
c l e a r l y  zero .  In c a s e s  when it is  not n e c e s s a r y  to 
obtain a c c u r a t e  da ta  on loca l  v e l o c i t i e s  of convec t ive  
mot ion  ins ide  the  reg ion ,  we may  confine o u r s e l v e s  
to an eva lua t ion  of i ts  o v e r - a l l  effect  in the  hea t  t r a n s -  
f e r  p r o c e s s .  Then, r eckon ing  a d i r e c t  p r o g r e s s i v e  
dependence  of the bu rden  of the ca l cu l a t i ons  on the 
n u m b e r  of t e r m s  unde r  the s u m m a t i o n  s ign in (3), i t  
is expedien t  to seek  r in the s i m p l e s t  fo rm,  

, = no0 (x 2 - 1) 2 ( v  ~ - -  h~ )~. (7)  

With th is  f o r m  given fo r  •, we shal l  examine  the 
p r o b l e m  for  a cons tan t  t e m p e r a t u r e  d i f f e rence  of the 
v e r t i c a l  b o u n d a r i e s  t Iv=h-- t Iv=-h = 1 (e. g . ,  to = 
= y /2h) .  To th is  end we subs t i tu te  the le f t  p a r t  of (4) 
into (5), r e t a in ing  only t e r m s  with m = n = 0. It should 
be noted that  any m o r e  complex  f o r m  of a s s i g n m e n t  of 
$ l eads  to a s y s t e m  of cubic  equat ions  fo r  d e t e r m i n i n g  
the coe f f i c i en t s  amn , whi le  the second  sum in (4), in 
which only t e r m s  with odd va lues  of (n + q) a ppea r ,  
van i shes  fo r  such a s i m p l i f i e d  f o r m  of $, and the co -  
e f f ic ien t  a00 is found f r o m  the l i n e a r  equat ion 

aoo = 35G (l + ha)/128(lO +14h4 + 7hS)h. (8) 

F i g u r e  1 shows g r a p h i c a l l y  the r e l a t i o n  between 
a00 and h with G = 1. Using this  g raph  i t  is  e a s y  to 
f ind a00 a l s o  fo r  o the r  va lues  of G, tak ing  into account  
the l i n e a r  r e l a t i o n  (8) between these  quan t i t i e s .  

If we subs t i t u t e  into (2) $ f r o m  (7) and t f r om (6) 
with the condi t ions  in ques t ion ,  it  t akes  the fo rm 

boo [(x 2 - -  I) + (V ~ - -  h~)] + bol!/[3 (x 2 --  1) + 

+ (!/2 - -  h ' ) l  + bl0 x [(.v" - -  1) + 

-~- 3(j" - -  h-")] : 3bnxg[(x" -- 1) -+ 

+ (g" - -  h-")l + 2Pao0 (x" - -  1) (!t" - -  h"-) 7( 

:: I -:~L- (!?- - -  h'-) + (x'-' - -  1) (!? - -  h') Lb~ox (V 2 - -  h 2) 
I 2h 
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- -b loy(x  ~ ~ 1) + 

+ bll(V 2 - h  2) - - [ n h 2 ( x  2 -  1)]} = 0. (9) 

This equat ion wil l  be mos t  a ccu ra t e ly  sa t i s f i ed  by 
va lues  of bran which a re  roots  of the s y s t e m  of equa-  
t ions of type 

O1 
- -  = 0 .  ( l o )  
Obm,, 

F r o m  3I/3boo = OI/0bl i = 0 we find 

735boo (3 + 5h 2 + 3h*) - -  64Paoo bn h 6 (1 - -  h e) = 0, (10a) 
2 1 2  891891bllh ~ (5 + 7h ~ + 5h 4) .4- 327689 p2 aoob n h 

- -  302016 PaooboOh ~ (1 - -  h 6) ---- 0. (10b) 

A s y s t e m  of l i n e a r  homogeneous  a lgebra ic  equa-  
t ions  such as (10a) and (10b) is sa t i s f i ed  by the ze ro th -  
o rde r  solut ion for  any ra t ios  of the d imens ions  of the 
reg ion  and the phys ica l  p r o p e r t i e s  of the medium.  

There fo re ,  boo = bll  = 0. 
F r o m  8I/Sb01 = aI/abl0 = 0 we find 

b01 (21 + 7h ~ + h 4) + 0.661318 P2a~obolhl~ + 

+ 0.492424 p2 a020 h 7 _ 

- -  1.82857 Pa00 b~o h~ ( 1 --  h ~) = 0, (10c) 

b~o(1 -~- 7h ~ + 21h 4) + 0.661318 P~a~ob~,h~~ + 

+ 0.266667Pa00 h a (2 + 9h ~) -- 

- -  1.82857Paooboi h6 (i --  h s) = 0. (10d) 

Knowing P, h, and aoo , it is not  diff icult  to f ind 
b0i, bi0 f r o m  the s y s t e m  (10c) and (10d). A p a r t i c u -  
l a r l y  s imple  so lu t ion  is obtained for  a squa re  reg ion  
(h = i) ,  in which the las t  t e r m s  in both these  equa-  
t ions  become zero ,  and the s y s t e m  b reaks  down into 
two sepa ra t e  equat ions .  

Once the coeff ic ients  b01 and bl0 have been found, 
the ca l cu la t ion  may  be re f ined  by subs t i tu t ing  t f rom 
(6) into (1) and r epea t ing  the d e t e r m i n a t i o n  of a00, 

and then of b01 and bi0. 
The local  coeff ic ient  of heat  t r a n s f e r  f rom the wal l  

to the med ium,  r e f e r r e d  to the d i f fe rence  between 
the wall  t e m p e r a t u r e  and the mean  t e m p e r a t u r e  of 
the med ium,  is d e t e r m i n e d  f rom the fo rmu la  

a = - - k  ~Ot / 
On / to. 

At the v e r t i c a l  bounda r i e s  of the reg ion  

t 
y =  +- h, n =  :(- ly, to = •  

2 

--~ = l  [ + ~ h  + 2h(x~--  l) ( •  bo~h + b~ox) ] 
On t - 

), 
= - - [ i  + 4hZ(x ~ 1) (bo~h • b~ox)]. 

lh 

At the horizontal boundaries 

x = + _ - l , n = ~ l x ,  to = y--y--, 
2h 

Ot -_ 2 (y~_ h~ ) (bo~ y +_ b~o), 
On ! 

~. = -  (9~--h ~) bol +_- bi___~_~ . 
l y~ 

2) 

go 

(5 / / I  

I0 10 2 10 3 I0 ~ lO 5 10 6 P ~ 

Fig. 2. Dependence of convect ion coefficient  e 
on Ra n u m b e r  for a r e c t a n g u l a r  region.  The 
n u m e r a l s  on the cu rves  co r r e spond  to the r e l -  
a t ive  width h of the region.  The b roken  l ine  is  
the analogous expe r imen ta l  r e l a t i on  for a l ayer  

of cons tant  t h i ckness  accord ing  to [5]. 

The actual  t e m p e r a t u r e  of the med ium proceeding  
toward the hor izon ta l  boundar i e s  of the reg ion  may 
differ  in i so la ted  sec t ions  f rom the mean  t e m p e r a -  
tu re  level  by more  than the boundary  t e m p e r a t u r e  
does at the s a m e  point.  The re fo re ,  as the foregoing 
e x p r e s s i o n  a l so  shows, inf in i te ly  l a rge  and negat ive  
va lues  of local  heat  t r a n s f e r  coeff ic ient  a re  fo rma i Iy  

poss ib le .  
The mean  heat  flux f rom uni t  su r f ace  of the v e r t i -  

cal  boundary  is 

l 

q =  - - T  2l------h- 3 ] 

In the absence  of convect ion,  

q = kO/2lh. 

Thu s, the convection coefficient is 

= ] - -  8__haboi. 
3 

A comparison is made in Fig. 2 of the curves, con- 
structed using the method of calculation described, 
of the dependence of e on Rayleigh number, of which 
b01 is a function, for a rectangular region, and the 
analogous curve based on the experimental data of 
[5] for a constant thickness layer. For convenience 
of the comparison, the reference dimension for both 
the rectangular region and for the layer has been taken 
as the distance 2Zh between the vertical boundaries. 

Comparison of the results for the rectangular re- 
gion and the layer is valid, because internal circula- 
tion loops are created on opposite sides in a plane 
vertical zone with constant temperature on each wall, 
due to mutual disturbance of the flow of layers of the 
medium. There is contrary motion at the junctions 



360  

of t h e s e  l o o p s ,  a n d  t h e r e f o r e  t h e  v e l o c i t y  of t h e  m e -  
d i u m  v a n i s h e s  a t  t h e  l o o p  b o u n d a r y ,  in  a s i m i l a r  m a n -  
n e r  to  w h a t  t a k e s  p l a c e  a t  t h e  h o r i z o n t a l  b o u n d a r i e s  
of t h e  r e c t a n g u l a r  r e g i o n .  

A s  w a s  to  b e  e x p e c t e d ,  t h e  s i m p l i f i e d  f o r m  a s -  

s u m e d  f o r  a s s i g n i n g  ~ d o e s  n o t  g ive  a s u f f i c i e n t l y  
a c c u r a t e  d e s c r i p t i o n  of t h e  p r o c e s s  o v e r  a w i d e  r a n g e  
of R a  n u m b e r s .  T h e  v a r i a t i o n  of c o n v e c t i o n  c o e f f i c i e n t  
a s  a f u n c t i o n  of Ra  n u m b e r  i s  s u i t a b l e  f o r  t h e  r e c t a n -  
g u l a r  r e g i o n  a n d  t h e  l a y e r  o n l y f o r  c o m p a r a t i v e l y  s m a l l  
v a l u e s  of Ra ,  u p  to  ~ ~ 3. 

By  u s i n g  a m o r e  c o m p l e x  f o r m  of a s s i g n i n g  ~ a n d  

t ,  a n d  a l s o  by  t a k i n g  c e r t a i n  o t h e r  s t e p s ,  t h e  r a n g e  

of u s e f u l n e s s  of t h e  a b o v e  m e t h o d  m a y  b e  w i d e n e d ,  
bu t  t h e  r e s u l t s  a l r e a d y  o b t a i n e d  a r e  e v i d e n c e  t h a t  c o n -  

v e c t i v e  t r a n s f e r  in  a r e g i o n  i n c r e a s e s  a t  t h e  l o w e s t  

v a l u e s  of Ra ,  w h e n  i t s  f o r m  i s  c l o s e  to  s q u a r e .  I t  

s h o u l d  b e  n o t e d  t h a t  t he  g r a p h  f o r  t h e  l a y e r  p a s s e s  

b e t w e e n  t h e  s t r a i g h t  l i n e s  c o r r e s p o n d i n g  to  h = 0.3 

a n d  h = 0 .5 .  T h i s  i s  in g o o d  a g r e e m e n t  w i t h  e x i s t i n g  

d a t a  on  t h e  l o n g i t u d i n a l  s e c t i o n  of  a n  i n t e r n a l  c i r c u l a -  

t i o n  l o o p  (ce l l )  in  a gap  of l e n g t h  2 o r  3 t i m e s  i t s  

w i d t h .  M o r e o v e r ,  t h e  f a c t  t h a t  t he  d e g r e e  of  v a r i a t i o n  

of e a s  a f u n c t i o n  of Ra  i n c r e a s e s  w i t h  i n c r e a s e  of h 

i s  i n t e r e s t i n g .  T h e  g r a p h s  of F ig .  2 a l s o  p e r m i t  u s  

to  o b t a i n  m o r e  a c c u r a t e  m a t e r i a l  f o r  p r e l i m i n a r y  

e s t i m a t i o n  of e a t  h i g h  Ra  v a l u e s  by  e x t r a p o l a t i o n ,  

by  u s e  of t h e  a n a l o g y  b e t w e e n  a r e c t a n g u l a r  r e g i o n  

a n d  a s l o t .  

NOTATION 

v-veloci ty  vector of medium; p-medium density; p-pressure; 
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g--acceleration of body forces; 9-temperature, computed from some 
mean level for the case examined; c-temperature coefficient of 
density; u,x, ~--kinematic viscosity, thermal diffusivity, and volume 
thermal expansion; x, y-coordinates referred to a definite dimension 
l, assumed in the given case to be half the extent of the region in 
the direction of the x axis, which coincides with the direction of 
action of the body forces; ~--dimensionless stream function; t = re/| 
where | is a characteristic temperature difference; G = g ~ l ' ~ |  a - 

Grashof number; P-Prandtl number; V x and Vy-projections on the 
corresponding coordinate axes of the dimensionless velocity (local 
Reynolds number); h - ra t io  of horizontal and vertical dimensions of 
the region; A--left side of Eq. (4); t0-a  function satisfying the ther- 
mal conditions at the boundary; I--imegral over the region being ex- 
amined of the square of the left side of Eq. (9); a - l o c a l  coefficient 
of heat transfer from wall to medium, referred to the difference be- 
tween wall temperature and mean temperature of medium; k--ther- 
mal conductivity of medium; q -hea t  flux per unit surface; e -con-  
vection coefficient ; Ra = 8h3GP--Rayleigh number. 
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